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Capillary waves of small amplitude on the surface of fluids with a constant 
depth have been well studied [I]. Below is proposed an approximate method 
for investlgatln6 capillary waves originating from the motion of fluid in a 
channel wlth a bottom which has a polyEonal form. 

I, Let us consider the steady potential flow of a perfect incompressible 
welg~htless fluid wlth a polygonal rigid boundary AB~ and free surface 
In the plane • - x + Sy ~Fig.l). The angles of slope of sections AB, BO 
and ~ wlth respect to the x-axis ~e given. The fluid flows from A to 
D and at infinity upstream the velocity of its undisturbed motion is Fo 
H Is the depth of the flow. 
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L e t  R b e  t h e  r a d i u s  o f  e u r v a t u r e  o f  t h e  f r e e  s u r f a c e  ( I t  i s  a s s u m e d  
positive if directed from the surface), T the coefficient of surface tension, 
p the density of the fluid, p the pressure in the fluld and Po the pres- 
sure in the atmosphere. 

It is k~own that on the free surface 

T dO P (w--v#) (l . l)  h - = P o - P ,  o, T V ~ - -  

Here g is the modulus of the velocity, and ~ is the slope angle of 
the velocity with respect to the x-axls. Let w " ~ +$$ be the complex flow 
potentlal. 

A zone of breadth $o" FoH corresponds to the region of flow In the w 
plane. 

We reflect the w reElon upon the C " ~ + ~ region wlth the aid of the 
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linear transformation 

Xn t h e  C p l a n e  we ObtLM~ a zone  o f  b r e a d t h  ~ ; t h e  £ r e e  s u r f a c e  c o r -  
r e s p o n d s  t o  t h e  a t r & ~ h t  l i n e  ~ - 0n and t h e  r l g t d  bounda ry  o f  t h e  f l o w  to  
t h e  s t r a i g h t  l l n e  ~ o O 

The s o l u t i o n  o f  t h e  p r o b l e m  can  be  r e p r e s e n t e d  i n  t h e  form 

z •ffi ~ -  e x p l / ( ~ ) ] d ~  / = dw = r~- iO (t.3) 

Here  J ' (C)  I s  t h e  ZhukovaL21 f u n c t i o n .  

We w l t l  r e g l ~ d  t h e  ~ e  o f  p o 2 n t s  D, C' i n  t h e  C p l a n e  a s  g ~ v e n ,  t h e n  
on t h e  a t t a i n t  l i n e  ~ - 0 t h e  ~ P a r t  o f  t h e  f u n c t l o n  ~ C )  I s  
k~own. O n  t h e .  etra.~4~ht l i n e  ~ m ~ t h e  c o n d i t i o n  ( 1 . 1 )  s h o u l d  be  f u l f i l l e d ,  
• ~ can  De e a s i l y  r e a u c e d  t o  t h e  fo rm 

~ -  ~ = - ' ~  ~ = ~ (t.~) 

The d ~ a e n e l o n l e s a  p ~ r a m e t e :  c h a r a o t e r ~ e s  t h e  d e g r e e  o f  t h e  i n f l u e n c e  
o£ t h e  c a p l l l ~ $ t y .  Wlth  a d t h e  c a p i l l a ~  £ o r o e s  a r e  a b s e n t  e~d  om t h e  
f r e e  etu*Faee r o O . F o r  t h e  e a s e  o£  ~ 1  v a l u e s  o f  a ( t l E ~  4 ~ m  W i l l  be  
of l ~ e r e a t  ~ ; e ~ ) ,  o~. ~ t~ee  marZaee e~e va lue  oZ r la ~ emMl we 
a p p r o x i a l t e  e q ~ 3 L a t 7  I I . ~ )  b~ l e ~ t £ ~  a ~ h  ~ = ~ .  ~be e r r o r  oF e ~ h  a s u b -  
s t i t u t i o n  r o t  s m a l l  , ha s  t h e  o r d e r  x / e ~ .  

t ~ ~ u s ,  we a r r i v e  a t  .the F o l l o w ~  ~ r o b l e m .  Xt i s  r e q u ~ e d  t o  de te rmAne 
~nerun~c,~on ~ ~ ~a m a ~ 4 v t ~ a l  m the  ~ 4 ~ o n  - - o o ~ o o ,  
u % q %  / i n ,  S f  on t h e  8 t ~ t  i 2 n e  ~ - O t h e  v a l u e s  o f  l t ~  
p a r t  e o ( g  ) _ a ~ .  X ~ m m , . a n d  o~ t h e  s t a ~ t 2 ~ t  .12he n " ~m t h e  relL~-:~m~ ~ g t -  
n a r y  p a r ~ e  o r  ~he r u n e ~ t o n  a r e  c o r m e o ~  by  t h e  r e l a t l o n  

d0~ 
r ~ = - - ~  2 d~ 0 .5 )  

(by  s u b s c r i p t  o we w i l l  d e n o t e  t h e  f u n c t i o n s  r and 0 f o r  ~ - 0 , and 
by s u b s c r i p t  1 f o r  ~ - ~ ) .  

|, Wrlt~g down the expre,eelon for the funetion j ' (~)  In  t e z ~  o£ Oo(~) , 
r : ( ~ ) ,  and eubee(rdontly Oo(l~J, 0 : (~)  [ 2 ] ,  ~ subtr~e~;:ldr~ ~ the ~ e t  
expression the second one, we can orOtaln Formula 

O0 co  oo 

2 O0 i ~ e ~ , _  ~ - - 2  O~ i ~eS(~,_~ ) - -  c ~ ( ~ ,  ~)d~" (2.i) 
~ . i o o  

For ~,, 1re e ~ m # £ o ~  i n  t e r n  oF 0~ ~ {1 .5 ) ,  we aZ~lve a t  the 
d i tFe ren t2a l  eqtl~t2on For Ot 

oo co  oo 

2 Oo t + e~._-------- f - 2 o~ t + e~ (~._~) + = -g-  - ~ d , 6 ,  - -  ~ ~ '  (~-.2) 

b e  t h e  o f  t h e   Int. 0 I n  t h e  c pl ., 
and Ooo, 0o~ a r e  the values of e o l 'or sect ions ~, ~ and ~, respee- 
t l v e l y .  

£plplylng to (2 .2)  the two-s$~led t ~ t o a ~  oF Laplace [ i t ] ,  we obt4tln 
S c+ioo 

S O~ ( g ) =  ~ - ~  ~ (Oo~--Oo~_~)J~, J k =  Qe(p)d p (2.3) 
k = l  C--ioo 

Q~ (P) = p (*/~ a~p  sin ~/=np ~ COS V~ap) 
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Here the i n t e g r a t i o n  i s  oluerl*d out i n  the plane of  aux l l i l u~ r  complex 
v~rlable P - @ + ST alone an~ etra~ht line, parallel to the imaginary ~xls 
and 17~ in the zone O• a • i . 

Usln~ Jordan's Is---a, we can prove that for ~ -- ~> 0 the integral of 
Jm i s  e q u a l  t o  t h e  sum o f  t h e  r e s i d u e s  o f  t h e  i n t e g r a t e 1  a t  a l l  p o l e s  l o c a t e d  
t o  t h e  l e f t  o f  t h e  l i n e  o f  i n t e g r a t i o n ,  and  f o r  ~ -- ~ t <  0 t h e  i n t e g r a l  o f  
J~ I s  e q u a l  t o  t h e  sum o f  t h e  r e s i d u e s  t a k e n  w i t h  t h e  i n v e r s e  s i g n  a t  a l l  
p o l e s  t o  t h e  r i g h t  o f  t h e  l i n e  o f  i n t e g r a t i o n .  

The i n t e g r a n d  Qk ~ )  h a s  no  p o l e s  o u t s i d e  o f  t h e  c o o r d i n a t e  a x e s  Q - O ,  
- 0  . The p o i n t  p - O  w i l l  b e  a p o l e  o f  f i r s t  o r d e r ;  f o r  ~ = 0 ,  @ ~ 0 

t h e  f u n c t i o n  Qk(P)  h a s  p o l e s  o f  f i r s t  o r d e r  a t  t h e  p o i n t s  o l>  0 and  
~ . l •  0 , a n d  f o r  o - 0  , ~ # 0 t h e  f u n c t i o n  h a s  t h e  same p o l e s  a t  t h e  p o i n t s  
+ t~  o and  -- t ~  o w h i c h  a r e  d e t e r m i n e d ,  r e s p e c t i v e l y ,  f r o m  t h e  c o n d i t i o n s  

-- ~ .  / 2 = ~ (no. / 2), a. ----- -- a_., 2n -- i ~ o. ~ 2n 

u~% / 2 = ~,h (~T 0 / 2) (2.4) 

Taking into account (2.~), we can write down the residues of the function 
Qk ~) in the following form: 

2 exp [c~.(~-- ~k)]sin(no./2) 
res Qk (P) = -- ~n [ t -- = s i n '  (~¢;n / 2) ] 

2 exp [-- ~, (~ -- ~k)] sin (~,/2) 
r~ Qk(P) . . . .  ~ [i -- a sin' (~./2)] 

2 exp [ i% ( ~ - -  ~ k ) b ~ u ( ~ % / 2 )  

2 exp [ - -  i% (~ - -  ~ x ) ] , ~ ( ~ % /  2) 
res Q~ ~) =-- -~- % [1 + ~ ( ~ % / 2 ) ]  

p----4% 

res Q~ (p) = t 
p==O 

Thus. we obtain, that for ~- ~k~O 

2 cO exp  [a, (~ -- ~k)] s in  (non/2) (2.5) 

J~ = J~-  : "-~- ~ ~. [I -- c~ sins (~a./2)] 

co 
dJk- _ 2 ~ exp [a.  (~ - -  ~k)] s in  ( n o . / 2 )  

(2.6) 
d~ ~ Z.J i -- = s i n '  (non / 2) 

and for ~--~>0 

O 0  . 

j _ _ y . = ~ _ 2  ~ e : p ,  --- [--%(~ - -~) ]  . n  (no,,/2) 4 cos [~o (~- -  ~ ) p ~ ( ~ o / . 2 )  
" ~ , ~  % [ t - - = s i n ~ ( n o . / 2 ) ]  -- ~ % [i + ~ h ~ ( ~ o / 2 ) ]  (2,7) 

c o  

dJ/, ÷ - -  2 ~, exp [ - - % ( ~ - - ~ ) ] s i n ( n o . / 2 )  -t- 4 sin [% (~ - -  ~)]~. .e(a~/  2) 

From Flg.3 It can be seen that for n increaslng from i to infinity 
the quantity sin (~o./2) wlll alternate Its sign and monotonousl~ decrease 
in modulus. 

Therefore the series, entering Express~_ons (2.5) to (2.8), reprsent the 
a l t e r n a t e  i n  s i g n  t e r m s  m o n o t o n o u s l y  d e c r e a s l D 8  i n  t h e i r  a b s o l u t e  v a l u e .  

~n  a d d i t i o n  

~Tk- [ "k+ [ Jk- J F....~ :: #k+ J ~_~k 
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the second equality follows from the consideration of the residues of the 
function al (p) for g - ~ 
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Fig. 3 

From~2.3) we obtain Expressions 
f o r  o, (~) 

0t = (001 - -  00o) d l -  + (00~ - -  000 J~-  

for - -  oo < .~ < ~1 

0,  = (0ol - -  0oo) dx + + (0o~ - -  Oot) J~ -  

for 6t ~.< g < ~z 

01 = (Oo1 - -  O00 ) J 1  + + (002 - -  Ool ) Jg. + 

for ~ ..< g < ~x~ 

Analogous expressions are obtained from (1.5) for r,(g) 

[ d J1- dJ~- -I 
= (o.o-%o W + (0o  -o0 ) - - W ]  

:rt ddl + 0 o d J2- "1 = - c  [(Ooo- OoO - a -  + (Oo - o.) 
[ dJl+ dJ~ + ] 

r 1 = O[ ~ ( 0 0 0 -  001 ) [ - ~  -~- (001 - -  002) d~ .J 

for - - o ° ~ < ~ t  

for ~ ,  ..< ~ ..< o¢ 

It is obvious that r t -0 for a - 0 , and consequently the obtalned 
formulas are applicable for the small values of a • If in (2.5),(2.7) we 
take a - O, and also taking into account that for this case o~ = 2n -- 1 , 
we will have 

co 

j k _  = ._h _2 ~ (--2,~----~V1)"-1 exp [(2n - -  11 (~ - -  ~ ) 1  = -if-2 t= - ,  [exp (~ - -  ~ ) ]  

oo 
• 7~ + = t -  2 ~] ( - - i )  n-1 2 tan-~ [exp(~--6k)]  2n ----'-'-'-T exp [(t - -2n)  (6 - -  ~k)] = 

Hence 
2 

O r = @  ~ (0@--0@_ 1 ) tan-' [exp(.~--~kl] ( - - o ¢ < ~ < o o )  

It is easy to see that this formula gives the solution of the problem for 
the condition r I - 0 . 

3, Let us consider a fluid flow over a vertical step, i.e. assuming the 
following values: 0o o ~ 002 =: 0, 0oi ~ -- 1/2~, 61 ~ -- ~, 62 ~ ~" Then we will 
have in particular 

~;1 exp [--  z,,t (~ + g ) ]  - - e x p  [---zn(~--~)lsin(non/2) 
r l  + 

=2- ~.1 t - a sin ~ (a%~ / 2) n=l 
2 a n ~  (n~ o / 2) 

@ I + ct,i.l;~ (aTo / 2) sin 13% cos ~T o lot  15 < ~ ~ oc 

For large values of g (far from the step downstream) (3.1) 

2an,iah(~T o / 2) 4,inlga% / 2) 
rx = I -~- ~inn2 (~Xo/2) sin ~T°c°s ~T°' 0t . . . .  "% [t + asi~-'(:r%/2)] sinj3% sin 6% 
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For 0 ~ m~.<0.25 we can assume ~aNv co coth (N~o/2) - I with great accu- 
racy. 

Therefore, 

2ctnsitm(uT o / 2) 4,inh(~x o / 2) 2ct~m,h(t / a) 
I + ct , -~ ( ~ T o / 2 )  - -  7 o [t  + c~,'m~ (~% / 2)1 = I + c%m~ (1 / a) - -  k (a) 

and Formulas (3.1) reduce to the form 

2~ 2~ 2 ~ .  2~ 
r 1 = k (¢t) s i n ~ -  cos ~ - -  , 01 = - -  k (a) sin ~ s l n ~ -  

We present the value of k for certain values of a • 

= V~ 1/5 1/~ 1/~ 'Is V, 0 

k ~  0.22909 0.08460 0.03114 O.Oll4fi 0.00422 0.00155 0 

From (1.3) we have the parametric equations for the free surface away from 
the step 

x =aH ~ exp (h cos u) cos (h sin u) du 
(h = k ( ~ ) s i n ~ - ,  u = ~o )  C 

y = - -  aH  ~ exp (h cos u) sin (h sin u) du 

Taking into account that h is small, it is convenient to compute the 
obtained integral, expandln~ the Integrand in a power series of h • Wlth 
accuracy to the order of h " we will have 

x ~ H ( u  ~ h s i n u +  1 / 4 ~ s i n 2 u ) ,  y = ~ H ( h c o s u +  1/2h~cos2u) 

Hence it follows that the wave length k and amplitude 6 are 

k ~ 2 ~ H ,  6--~H~k(~) sin 2~-~ I 

Thus, the wavelength does not depend on the height of the step, and the 
quantity 6 for the monotonous change of the step height oscillates in the 
interval 0~.<8~H~ k (~) (the relation between the step height and the quan- 
tity 8 can be established approximately by solving the problem for the con- 
dition r:- O) . In exactly the same manner we can investigate the flow in 
corner, by placing ~:" ~2 • For this case we obtain 

~- 2 ~ H ,  ~ = H'!" 0oo - -  0o~ i ~k (~) 

In general for any flow of the type investigated above the expression for 
wavelength k remains Invarlant. 
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